Abstract. Let N be a closed irreducible 3-manifold and assume N is not a graph manifold. We improve for all but finitely many S 1 -bundles M over N the adjunction inequality for the minimal complexity of embedded surfaces. This allows us to completely determine the minimal complexity of embedded surfaces in all but finitely many S 1 -bundles over a large class of 3-manifolds.
Introduction and main results
1.1. Complexity of surfaces in 4-manifolds. Given a compact surface Σ with connected components Σ 1 , . . . , Σ l its complexity is defined as
Given a smooth closed 4-manifold M and α ∈ H 2 (M) we define x(α) := min{χ − (Σ) | Σ ⊂ M embedded surface which represents α}.
It is a classical problem to determine x for a given 4-manifold. A key tool for finding lower bounds on x comes from the adjunction inequality (see [MST97] ), which states that when M has b + (M) > 1, if Σ ⊂ M is a connected embedded surface with g(Σ) > 0 and non-negative intersection number, then
Here κ ∈ H 2 (M) is a Seiberg-Witten basic class of M, i.e. the Chern class of a Spin c -structure for which the Seiberg-Witten invariant is nontrivial. It is natural to ask whether the inequality of Equation (1) gives the best possible bound on complexity, and if basic classes determine the complexity function of a 4-manifold. In this regard it is instructive to look at the comparable situation for 3-manifolds. Given a 3-manifold N and a class σ ∈ H 2 (N) we define the Thurston norm of σ (see [Th86] ) to be σ T := min{χ − (Σ) | Σ ⊂ N embedded surface which represents σ}.
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The 3-dimensional Seiberg-Witten basic classes give again a lower bound on the complexity of surfaces. More precisely under the assumption that b 1 (N) > 1 and σ ∈ H 2 (N) the adjunction inequality for 3-manifolds states that
where κ ∈ H 2 (N) is a Seiberg-Witten basic class of N (see [Kr98] or [Au96] for details).
It is well known that in general there exists no basic class which turns (2) into an equality. But an equality can be obtained, at least for a large class of 3-manifolds, using monopole classes. More precisely Kronheimer and Mrowka [KM97] showed that if N is irreducible given any σ ∈ H 2 (N) there exists a Seiberg-Witten monopole class κ of N such that σ T = κ · σ.
By the respective definitions, a Seiberg-Witten basic class is also a monopole class, but the converse does in general not hold, and it is easy to give examples where the inequality of (2) is strict.
We now return to the study of 4-manifolds. The above discussion suggests that the adjunction inequality for 4-manifolds in general is not sharp. This is indeed the case, but it is not easy to pin down examples where this occurs. The most relevant instance in this sense comes from Kronheimer's refined adjunction inequality for manifolds of the form S 1 × N 3 . More precisely, Kronheimer [Kr98, Corollary 7.6] [Kr99] proved that if N is an irreducible closed 3-manifold such that the Thurston norm does not identically vanish, then given any α ∈ H 2 (S 1 × N) the following inequality holds:
(3) x(α) ≥ |α · α| + p * α T , where p : S 1 × N → N denotes the projection map. It is easy to find examples where this refined adjunction inequality becomes an equality while the adjunction inequality in (1) is strict. A second type of results, more closely connected with the approach of this paper, is contained in [FV09] , where the authors used Seiberg Witten invariants of finite covers to improve the adjunction inequality for manifolds M that admit a free circle action.
1.2. Complexity of surfaces in 4-manifolds with a free S 1 -action. In this paper we will show that in most cases the Seiberg-Witten invariants of finite covers contain enough information to recover Kronheimer's inequality for closed irreducible 3-manifolds (with the exclusion of non-npc graph manifolds, i.e. graph manifolds that do not admit a nonpositively curved metric), without any assumption on the Thurston norm of N. Moreover, we will extend that inequality for circle bundles p : M → N with Euler class e ∈ H 2 (N) \ Ξ N , where Ξ N is a finite subset (described in Section 3.1) determined by the Thurston norm of N, that does not contain any torsion elements. Precisely, the main result of this paper is then the following: 
Remark. 1. This theorem was proved by Kronheimer [Kr99] for the case e = 0, i.e. M = S 1 × N, under the assumptions mentioned in the previous section. 2. If the intersection number α · α is zero, then the conclusion of the theorem, without any restrictions on N, also follows immediately from the following result of Gabai [Ga83, Corollary 6 .18]:
In fact, in this paper we will show in Lemma 3.5 that the conclusion of Theorem 1.1 hold for all closed irreducible 3-manifold whose fundamental group is virtually RFRS, i.e. admits a finite index subgroup which is RFRS. This assumption, introduced by Agol in [Ag08] (and discussed in Section 3.3) is the key topological condition which allows us to get a handle on Seiberg-Witten invariants of finite covers of N via Agol's virtual fibering theorem. Theorem 1.1 is then consequence of this result and the following 
Complexity in S
1 -bundles over nice 3-manifolds. We now investigate some conditions under which the refined adjunction inequality of Theorem 1.1 is sharp, i.e. the complexity function is determined by the Thurston norm of N. In the same vein, we examine whether the complexity function exhibits properties that correspond to those of the Thurston norm.
Definition. Let N be a closed irreducible 3-manifold and assume N is not a non-npc graph manifold. Denote H := H 1 (N; Z)/torsion. We say N is nice if its multivariable Alexander polynomial ∆ N = h∈H a h · h ∈ Z[H] (see e.g. [FV10] for the definition) has the property that φ(∆ N ) :
] is non-zero for any epimorphism φ :
It is easy to see that a 'generic' non-zero polynomial ∆ ∈ Z[H] has the property that all possible one-variable specializations φ(∆ N ) are non-zero. We refer to Section 4.1 for details.
The following result, which is inspired by [Kr99, Corollary 2] in the product case, follows immediately from Theorem 1.1 and Lemmas 4.1 and 4.2. This corollary completely determines the complexity function of all but finitely S 1 -bundles over nice 3-manifolds.
1 -bundle over a nice 3-manifold N. If e ∈ Ξ N , then for any α ∈ H 2 (M) the following equality holds:
Before we continue in our discussion we want to recall that the Thurston norm has the following properties (see [Th86] and [Ga83] ):
(1) linearity on rays, (2) triangle inequality, (3) multiplicativity under finite covers, i.e. given a finite cover π : N → N and σ ∈ H 2 (N) we have
is the transfer map in homology. Note that (1) and (2) imply that the Thurston norm on H 2 (N; Z) extends to a (semi) norm on H 2 (N; R). We now consider the Thurston norm unit ball
By [Th86] this is a finite, convex, rational polyhedron. We say σ ∈ H 2 (N; R) is a fibered class if there exists a non-degenerate closed 1-form ψ on N such that σ = P D([ψ]). Thurston [Th86] proved the following relationship between the Thurston norm ball and fibered classes: (4) A fibered class σ lies in the cone on an open top dimensional face F of B N and any other class in the open cone on F is also fibered. It is a natural question whether the complexity function x on 4-manifolds exhibits similar naturality properties. In fact, Corollary 1.3 asserts that for most S 1 -bundles over a nice 3-manifold the function
satisfies Properties (1) and (2), i.e. x ′ is linear on rays and it satisfies the triangle inequality.
Regarding Property (3), we can prove the following theorem, that provides a family of manifolds that satisfy the properties requested in Question 7.8 of [Kr98] . In the statement we are constrained to exclude, this time, an infinite set of choices Θ N ⊂ H 2 (N) for the Euler class. This set is given by classes which are multiples, in rational cohomology, of elements in Ξ N . We thus see that in many cases x ′ is indeed well behaved. Regarding Property (4), it is well-known that symplectic classes of 4-manifolds in many ways play the rôle of fibered classes on 3-manifolds. Here we say that α ∈ H 2 (M; R) is symplectic if there exists a symplectic form ω on M such that α = P D([ω]). In [FV12a, FV12c] we showed that a class α ∈ H 2 (M; R) is symplectic if and only if it is contained in the positive cone of H 2 (M; R) and p * α ∈ H 2 (N; R) is contained in the fibered cone of N (in particular, N fibers over S 1 ). Combining this with Corollary 1.3 we get the following.
which has the following property: If α ∈ H 2 (M) is a symplectic class, then it lies on the cone over an open top dimensional face F of the unit norm ball of x
′ , and any other class in the cone on F is also symplectic.
Remarks. 1. It is a very interesting question whether the results of this section hold for any S
1 -bundle over nice 3-manifold. It is likely that the exclusion of certain Euler classes is only due to the limitations of our method. 2. The restriction to nice 3-manifolds is not optimal, but the discussion of certain examples in Section 4.1 suggests that there may exist 3-manifolds N such that equality in Corollary 1.3 does not even hold for S 1 × N, and similarly, that all the other theorems also fail to hold for such examples. In particular the examples suggest that x ′ may not always well behaved.
In [FV12b] we use related ideas to show that twisted Alexander polynomials detect the Thurston norm of most irreducible 3-manifolds.
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Preliminaries
We start by recalling some elementary facts about the algebraic topology of a 4-manifold M that is the total space of a circle bundle p : M → N over a 3-manifold with nontorsion Euler class e ∈ H 2 (N). The Gysin sequence (with either integer or real coefficients) reads
where p * : H 2 (M) → H 1 (N) denotes integration along the fiber. Note that, in particular, we have
where we have denoted by e the cyclic subgroup of H 2 (N) generated by the Euler class and by ker(·e) the subgroup of H 1 (N) whose pairing with the Euler class vanishes. It follows that b 2 (M) = 2b 1 (N)−2. It is not difficult to verify that sign(M) = 0, hence b
We will also consider finite covers π M : M → M of M, and we collect here some results that will be of use. The manifold M carries a free circle action whose orbit space we denote by N, so we have an S 1 -bundle p : M → N . The latter 3-manifold is itself a finite cover π N : N → N, so that the S 1 -bundle map and the covering map are related by the commutative diagram
In fact, a fiber of p is the connected cover of degree q of the fiber of p, where q is the index of q e = π * N e ∈ H 2 ( N).
is injective, e is nontorsion. We will make use of the following inequalities. Given α ∈ H 2 (M) and σ ∈ H 2 (N), we have
The first two statements are trivial and the third is the multiplicativity of the Thurston norm under finite covers.
Finally, we are interested in the Seiberg-Witten basic classes of M. Conveniently, we will be able to restrict the study of Seiberg-Witten invariants to the case where b 
and vanishes for all other Spin c -structures.
Remarks. 1. It is well-known that in the case e = 0, i.e. M = S 1 × N the equality
Note that, while this theorem asserts that the set supp(SW
, it does not imply that the image of a 3-dimensional basic class must be a 4-dimensional basic class, as the averaging process in the formula above can (and in examples does) cause the 4-dimensional invariant to vanish.
3. The refined adjunction inequality 3.1. The dual Thurston norm ball. Let N be a closed 3-manifold. Recall that we denote by B N ⊂ H 2 (N; R) the Thurston norm ball. We now denote by
the ball dual to B N . We will refer to B * N as the dual Thurston norm ball. By [Th86] this is a finite, convex, compact polyhedron in H 2 (N; R) such that all vertices lie in the image of ι :
N . Note that we can recover the Thurston norm of N from B * N . In fact, if we denote by V the set of vertices of B * N , then for any σ ∈ H 2 (N; R) the following equality holds:
It is clear that if H ⊂ H 2 (N; R) is any subset that has the property that
We define now two subsets of H 2 (N) that enter in the statement of our main results. Consider first the following subset of H 2 (N; R):
to be the inverse image of E N , and Θ N ⊂ H 2 (N) to be the inverse image of R + · E N . Neither Ξ N or Θ N contain any torsion elements. Note that Ξ N is finite, while Θ N is not. However, it should be clear that "most" classes belong to
3.2. The adjunction inequality for S 1 -bundles. We will later use the following consequence of the adjunction inequality (1):
Theorem 3.1. Let N be a closed irreducible 3-manifold with b 1 (N) > 2 and let p : M → N be a circle bundle. Let α ∈ H 2 (M). Then the following inequality holds for any basic class κ of M:
Proof. Let α ∈ H 2 (M) and let κ be a basic class of M. Let Σ ⊂ M be an embedded surface which minimizes the complexity of α. We denote the components of Σ by Σ 1 , . . . , Σ l . As N is irreducible, π 2 (M) vanishes, hence all the Σ i 's must have positive genus. If Σ i has positive self-intersection, then it follows from the adjunction inequality (1) that
On the other hand, if Σ i has negative self-intersection, then we consider Σ i as a surface in −M. It follows from Theorem 2.1 that κ is a basic class for M if and only if κ is a basic class for −M. It is well-known that if κ is a Seiberg-Witten basic class, then −κ is a Seiberg-Witten basic class. Using these observations one can now easily show that
In what follows we will get further information on x by applying Theorem 3.1 to the finite covers of M.
3.3.
Agol's theorem. The topological input for our main result is Lemma 3.3, which is a rather straightforward consequence of Agol's virtual fiberability criterion from [Ag08] . We recall from [Ag08] H 2 (N; R) ) determined by σ will be quasifibered in N . For the same reason if a class lies in the closure of a fibered cone, its transfer under further finite covers will enjoy the same property (transfers of fibrations are fibrations). Recall now that the Thurston unit ball of a 3-manifold is a finite, convex polyhedron, in particular it has finitely many top-dimensional open faces. By picking one class in the cone above each of these faces, and repeatedly applying Agol's theorem to the (transfer of) each such class, we obtain after finitely many steps the cover π : N → N of the statement.
This lemma, together with some standard results of Seiberg-Witten theory, allows us to describe the dual Thurston norm (hence, ultimately, the Thurston norm) of N in terms of Seiberg-Witten basic classes of the cover N. In order to avoid technical complications, we will limit ourselves to the case where b 1 (N) > 1, that will be sufficient for our purpose.
In the statement of the corollary and in the rest of the paper we often blur the difference between H 2 (N) and its image under the canonical map H 2 (N) → H 2 (N; R). Even though this map is not necessarily injective this abuse of notation should not pose any problems to the reader. 
Proof. Lemma 3.2 guarantees that, for any class σ ∈ H 2 (N; R), the class π * σ ∈ H 2 (N; R) is contained in the closure of the cone over a fibered face F of B N . This implies, in particular, that π * σ is dual to the negative −e(F ) ∈ H 2 ( N ) of the Euler class of the fibration, so that −e(F )(π * σ) = π * σ T . It is well-known that ±e(F ) ∈ H 2 ( N) are basic classes of N with Seiberg-Witten invariant equal to 1. (For example this follows from [Ta94] together with the fact that by [Th76] the manifold S 1 × N admits a symplectic structure with canonical bundle −e(F ) ∈ H 2 ( N ) ⊂ H 2 (S 1 × N ).) As ξ · π * σ = π * ξ · σ it follows that for any σ we have
where the first equality comes from the multiplicativity of the Thurston norm under cover, see (6). The equality now either follows from the adjunction inequality for 3-manifolds, i.e. inequality (2), or alternatively from [Ta95] .
3.4. Proof of the main theorem. As observed in the introduction, Theorem 1.1 follows immediately combining Proposition 1.2 with the following Lemma 3.5. Let N be a closed irreducible 3-manifold with virtually RFRS fundamental group. Let p : M → N be the circle bundle with Euler class e ∈ H 2 (N) \ Ξ N . Then for any α ∈ H 2 (M) we have
Proof. We first consider the case that e is non-torsion. Let us start by assuming that b 1 (N) > 2. Denote by π : N → N the cover of N determined in Lemma 3.3, whose degree we will denote as k = deg π for the rest of this proof. By pull-back, we have an induced covering of M with total space M = π * M. As no risk of confusion arises here, we denote the covering map π : M → M as well. (Note that both covers have same degree.)
We will write
It follows from the discussion in Section 3.1 and Corollary 3.4 that V ⊂ H and that the convex hull of H agrees with the convex hull of V , i.e. B * N . Now let α ∈ H 2 (M). We will write σ = p * α, α = π * α and σ = π * σ. We define
Recall that σ T = k σ T . It follows from the discussion in the proof of Corollary 3.4 that H σ is a non-empty set and that V σ ⊂ H σ .
Since b 1 (N) > 2 we obtain from Theorem 2.1 that for any c ∈ Spin c ( N) the 4-dimensional Seiberg-Witten invariant of the class p * c ∈ Spin c ( M ) is given by
where e ∈ H 2 ( N) is the Euler class of the S 1 -bundle p : M → N.
Claim. If e ∈ Ξ N , then there exists an
To prove the claim we start by observing that, as p * α = σ, it follows from the long exact sequence in Section 2 that e · σ = e · p * α = 0. Now, denote by F the face of B * N which is dual to the open face of B N whose cone contains σ. Note that F is the convex hull of the vertices in V σ ; by the adjunction inequality for 3-manifolds, i.e. inequality (2), the face F contains all elements in H σ .
Assume by contradiction that for all c ∈ supp(SW N ) such that c 1 (c) ∈ H σ we have SW M ( p * c) = 0. This entails that for any such c ∈ supp(SW N ) there exists (at least) one l ∈ Z \ {0} such that c + l e ∈ supp(SW N ). Since e · σ = 0, c 1 (c + l e) = c 1 (c) + 2l e lies in fact in H σ . Therefore for all h ∈ H σ there exists an l ∈ Z \ {0} such that
Since furthermore H σ ⊂ F we see that for all v ∈ V σ there exists an l ∈ Z\ {0} such that v + 2l · 1 k π * ( e) ∈ F . Therefore the following observation, together with the definition of E N , implies that
Observation. Let F be a convex compact polyhedron and w a non-zero vector with the property that for any vertex v of F there exists an l ∈ Z\{0} such that v+lw ∈ F . Then one of the edges of F is parallel to w and there exists a vertex v such that v + w lies on an edge of F .
(For the reader's convenience we give a quick outline of the proof: to each vertex v of F we can assign a well-defined positive (negative) sign if v + lw ∈ F for some positive (negative) l. It is straightforward to see that not all vertices can have the same sign. Let v + and v − be adjacent vertices such that v + has positive sign and v − has negative sign. Then it is not hard to see that both v + + w and v − − w lie on the edge connecting v + and v − .)
As q = 1 (in the notation of Section 2), the Euler class of M is given by e = π * e ∈ H 2 ( N), hence π * e = π * π * e = ke ∈ H 2 (N). We conclude therefore that the image e in H 2 (N; R) lies in E N , i.e. e ∈ Ξ N . This concludes the proof of the claim. Now let h = c 1 (c) ∈ H σ with SW M ( p * (c)) = 0. By applying Theorem 3.1 to M we have
The theorem in the case b 1 (N) > 2 and e non-torsion now follows from applying (6).
To complete the proof for nontorsion e let us notice that in the case b 1 (N) = 1 we have b 2 (M) = 0, hence there is nothing to prove. The case b 1 (N) = 2 (hence b + 2 (M) = 1) can be reduced to the case of b 1 (N) > 2: this follows from the fact that manifolds with virtually RFRS fundamental group are either virtually abelian or have infinite virtual Betti number (see [Ag08, p. 271] ). In the former case, as N is closed, the only possibility by classical results is that N is covered by T 3 . In any case there exist a cover π : N → N with b 1 ( N) > 2; then application of the (in-) equalities of (6) allow us to reduce the statement for x(α) to the one for x(π * α). The case that e = 0 can be proved analogously (going to a cover with b + (M) > 1 if necessary) using the equality SW S 1 ×N (p * c) = SW N (c). Finally the case that e is torsion can easily be reduced to the case e = 0: indeed, it is well-known that any Remarks. 1. If e ∈ Ξ N , then the fact that Lemma 3.5 does not apply does not by any means entail that the refined adjunction inequality fails to hold; it is simply not possible for us, with the relatively limited knowledge of the Seiberg-Witten invariants of N , to get more information than the one gathered above. 2. Conceivably one could get better bounds on x by using any finite cover of M, and not just the ones induced by pull-back of a finite cover of N. The argument of the proof of Theorem 4.6 will show that such covers will not give any further information.
The minimal complexity function
4.1. Sharp bounds on the complexity of surfaces. In this section we will show that in many cases the inequality of Theorem 1.1 is in fact an equality. This section partly builds on ideas from [FV09] , which in turn was inspired by the results of [Kr98] .
We start out with the following definition from [FV09] , which extends an earlier definition in [Kr98, Section 1.2] for product manifolds. Given α ∈ H 2 (M) we say that α has Property ( * ) if there exists a (possibly disconnected) embedded surface Σ ⊂ N and a (possibly disconnected) closed curve c ⊂ N in general position with the following properties:
(1) Σ is a Thurston norm minimizing surface dual to p * (α), (2) the surface Σ lifts to a surface Σ in M, (3) the singular surface p −1 (c) ∪ Σ represents α, (4) the geometric intersection number of Σ and c is given by the absolute value of the algebraic intersection number Σ · c. Note that, with appropriate orientations, we have α·α = 2 Σ·c. We have the following lemma (cf. also [Kr99] ).
Lemma 4.1. Let α ∈ H 2 (M) that satisfies Property ( * ), then there exists a surface T which represents α with
Proof. Let Σ, Σ and c as in the definition of Property ( * ). Around each singular point of p −1 (c) ∪ Σ we can replace a pair of transverse disks with an embedded annulus having the same oriented boundary. Note that each replacement increases the complexity by 2. We therefore obtain a smooth surface T representing the class dual to α with
We now have the following lemma.
Lemma 4.2. Let M → N be a principal S 1 -bundle with Euler class e. Let α ∈ H 2 (M). We write H := H 1 (N; Z)/torsion and σ := p * α ∈ H 2 (N) ∼ = H 1 (N; Z) = Hom(H, t ). If σ(∆ N ) = 0, then α has Property ( * ).
Proof. We write n = div(σ). The assumption that σ(∆ N ) = 0 implies by standard arguments (see e.g. [FV08, Proposition 3.6]) that the one variable Alexander polynomial of N corresponding to σ is non-zero. It then follows from [McM02, Proposition 6.1] that there exists a connected Thurston norm minimizing surface Σ dual to the primitive class 1 n σ. By the Gysin sequence, e · σ = e · p * α = 0. The restriction of the S 1 -bundle to Σ is therefore trivial, in particular Σ lifts to a surface Σ in M. We now denote by nΣ and n Σ the union of n parallel copies of Σ and Σ.
It follows from the Gysin sequence that we can find an embedded curve c ⊂ N such that the class dual to α is given by [n Σ] + [p −1 (c)]. We can assume that c is in general position with nΣ, hence n Σ and p −1 (c) are in general position. It is not hard to see that as Σ is connected we can choose (a possibly disconnected) c such that the geometric intersection number of Σ and c is given by the absolute value of Σ · c, in particular such that the geometric intersection number of nΣ and c is given by the absolute value of nΣ · c.
Remark. Let H be a torsion-free group and p ∈ Z[H] a non-zero polynomial. We write p = h∈H a h h. We consider the Newton polyhedron of p, i.e. the convex hull of {h ∈ H | a h = 0} ⊂ H ⊗ R. If for all faces F of the Newton polyhedron we have h∈F ∩H a h = 0, then it is straightforward to see that for any φ : H → t we have φ(p) = 0.
Note that the previous lemma together with Theorem 1.1 implies Corollary 1.3, i.e. they imply that for 'most' S 1 -bundles over nice 3-manifolds with virtually RFRS fundamental group the equality
holds. The following question arises:
Question 4.3. Let M be an S 1 -bundle over a 3-manifold N. Does the equality
Even though we just showed that we can answer the question in the affirmative for many cases, we will now discuss an example that make us think that in general an affirmative answer is far from being granted. Proof. Let N be a closed hyperbolic 3-manifold which admits a primitive class σ ∈ H 2 (N) which has a unique Thurston norm minimizing surface Σ which consists of two homologically essential components Σ 1 and Σ 2 . We denote by σ i , i = 1, 2 the homology class represented by Σ i . Note that Σ 1 , Σ 2 can not be tori since we assumed that N is hyperbolic.
Claim. The classes σ 1 and σ 2 define linearly independent elements in H 2 (N).
If σ 1 and σ 2 do not define linearly independent elements, then σ 1 , σ 2 span an infinite cyclic subgroup which clearly contains σ. Since σ is primitive it follows that σ i = k i σ for some k i ∈ Z \ {0}. But then
which is a contradiction.
Since σ 1 and σ 2 are linearly independent we can by Poincaré duality find oriented curves c i , i = 1, 2 such that σ i · c i = l i for some l i = 0 ∈ N and such that σ i · c 3−i = 0. Fix now m ∈ N, and consider c the union of l 2 + m parallel copies of c 1 and l 1 copies of −c 2 . Note that c · Σ 1 = (l 2 + m)l 1 , c · Σ 2 = −l 1 l 2 and thus c · Σ = ml 1 .
Note that any curve d representing [c] has to intersect Σ 1 at least (l 2 +m)l 1 times and Σ 2 at least l 1 l 2 times. It now follows from the uniqueness property of Σ = Σ 1 ∪Σ 2 and the above discussion that the class in
does not have Property ( * ). The lemma now follows from α · α = 2 c · Σ = 2ml 1 , which depending on the choice of m will be either positive or zero.
In the proof of the previous lemma we identified in particular classes α ∈ H 2 (S 1 ×N) such that Kronheimer's lower bounds (and our bounds if π 1 (N) is virtually RFRS) imply that
As the construction of Lemma 4.1 fails to apply, it is not clear whether there exists a surface in S 1 × N which represents α and which has complexity less than 4l 1 l 2 + 2ml 1 + χ(Σ).
If such a surface fails to exists, the following lemma would have the rather remarkable consequence that x ′ is not as well-behaved as the Thurston norm:
Lemma 4.5. Let N be a closed 3-manifold such that π 1 (N) is virtually RFRS and suppose that there exists a class α ∈ H 2 (S 1 × N) such that
then either the function x ′ does not define a seminorm on a finite cover of S 1 × N or x ′ is not multiplicative under finite covers.
Proof. Let N be a closed 3-manifold such that π 1 (N) is virtually RFRS and suppose that there exists a class α ∈ H 2 (S 1 × N) such that
Let us assume that the function x ′ defines a seminorm on all finite covers of S 1 × N and that x ′ is multiplicative under finite covers. Since π 1 (N) is virtually RFRS, there exists, by Agol's theorem, a finite cover π : N → N such that π * (p * α) is quasi-fibered. In particular there exists an open cone V ⊂ H 2 (S 1 × N; R) with the following two properties:
(1) for any class β ∈ V ∩ H 2 (S 1 × N ; Z) we have
Corollary 2] for details); (2) π * α lies on the boundary of V .
By our assumption x ′ is a seminorm on H 2 (S 1 × N ); it thus follows that x ′ (π * α) = p * π * α T . Similarly, as we assume that x ′ is multiplicative under finite covers, it now follows that x ′ (α) = p * α T , i.e.
which is a contradiction to our hypothesis.
4.2.
Multiplicativity under finite covers. The following theorem determines sufficient conditions under which the complexity function is multiplicative under finite covers and implies, together with Corollary 1.3, Theorem 1.4. As we take arbitrary finite covers, we will see from the proof that iteration of the argument of Theorem 3.5 imposes us to exclude from the statement infinitely many choices of e ∈ H 2 (N), precisely the classes contained in Θ N . Proof. We will only consider in the proof the case where b 1 (N) > 2 and that e is non-torsion. The other cases are very similar and can be treated as in the proof of Theorem 3.5, and we will thus leave them to the reader.
Let ρ M : M → M be any finite cover. As discussed in Section 2, M carries an S 1 -action with orbit space N, which in turns covers N with covering map ρ N : N → N.
According to Lemma 3.3 there exists a finite cover τ : N → N where the transfer of any class in H 2 ( N) is quasifibered. It is clear that the composition of the covering maps gives a finite cover π N : N → N which again has the property that the transfer of any class in H 2 (N) is quasifibered.
We now denote by M the total space of the pull back under τ of the S 1 -bundle M → N . In line with our previous notation, we denote as well with τ the 4-dimensional covering map τ : M → M . Also, we denote by π M : M → M the composition of the covers. Finally we denote by e ∈ H 2 ( N) the Euler class of the S 1 -bundle M → N .
Claim. We have 1 deg π N π N * e / ∈ E N .
As discussed in Section 2, the Euler class e of p : M → N satisfies the equation q e = π * N e ∈ H 2 ( N ). The claim now follows from our assumption that the image of e in H 2 (N; R) is not the (integer) multiple of an element of E N , i.e. from our assumption that e / ∈ Θ N . Now let α ∈ H 2 (M). We denote by α ∈ H 2 ( M ) and α ∈ H 2 ( M ) the corresponding classes given by the transfer maps. From the proof of Theorem 3.5 we see that the fact that 1 deg π N π N * e / ∈ E N , implies that there exists a class h ∈ H p * α such that the inequality x( α) ≥ | α · α| + p * h · α holds true. (Here and throughout the proof we adopt the notation of the proof of Theorem 3.5.) Now p * h· α = h· p * α and using the equality p * α = q·π * N p * α ∈ H 2 ( N; R), with q ∈ N defined as in Section 2, this takes the form
where the last equality follows from h ∈ H p * α . Using the equations in (6) and the equality deg π M = q deg π N , we can rewrite this as (8) x( α) ≥ deg π M (|α · α| + p * α T ). Now let α ∈ H 2 (M) be any class such that (9) x(α) = |α · α| + p * α T .
By elementary reasons (see Equations (6)) we have
Playing this equation against Equations (8) and (9), we see that each inequality is in fact an equality, hence (as deg π M = deg τ · deg ρ M ) we obtain multiplicativity of the complexity function as stated.
